In this paper we deÿne the notions of categorical G-crossed modules for a group G and of 2-fold extensions of G by a symmetric G-categorical group A. These concepts cover, respectively, the usual notions of crossed modules of groups and of 2-fold extensions of a group G by a G-module A as well as those due to ConduchÃ e of 2-crossed modules and non-abelian 3-extensions of G by a G-module A. We prove that there exists a bijection between the set of equivalence classes of 2-fold extensions of G by A and H 4 (G; A), the fourth Ulbrich (Fr ohlichWall) cohomology group of G with coe cients in A.
Notations and conventions. First, we recall [12] that a monoidal category G = (G; ⊗; a; I; l; r) consists of a category G, a functor ⊗ : G × G → G, an object I of G, called the unit object, and natural isomorphisms a = a X; Y; Z : (X ⊗ Y ) ⊗ Z → X ⊗ (Y ⊗ Z); l = l X : I ⊗ X → X; r = r X : X ⊗ I → X;
such that the usual coherence conditions are satisÿed [11, 12] . In a monoidal category, an object X is said to be 2-regular, or invertible, if the functors Y → X ⊗ Y and Y → Y ⊗ X are equivalences. A categorical group G is a monoidal category where every arrow is invertible and every object is 2-regular. In this case, it is possible to deÿne a functor (−) * : G → G; X → X * and natural isomorphisms m = m X : X ⊗ X * → I; n = n X : X * ⊗ X → I;
such that l X · (m X ⊗ 1 X ) = r X · (1 X ⊗ n X ) · a X; X * ;X , for all objects X ∈ G. The triple (X * ; m X ; n X ) is termed an inverse for X . We will suppose that I * = I; m I = r I and n I = l I . G is said to be a braided categorical group if it is also equipped with a natural family of morphisms c = c X; Y : X ⊗ Y → Y ⊗ X that satisfy the coherence conditions of [11] . A braided categorical group (G; c) is called a symmetric categorical group if the condition c 2 = 1 holds. A functor F : G → H between categorical groups is deemed a homomorphism if it is supplied with natural isomorphisms
compatible with a in the sense of [7] ; if G and H are braided, or symmetric, compatibility with c is also required [11] . There exists a (unique) isomorphism [13] , 0 : I → F(I ), such that F(r X ) · X; I · (1 F(X ) ⊗ 0 ) = r F(X ) and F(l X ) · I; X · ( 0 ⊗ 1 F(X ) ) = l F(X ) , for all objects X ∈ G. With respect to the inverses, there exist (unique) isomorphisms
such that F(m X )· X; X * ·(1 F(X ) ⊗k X )= 0 ·m F(X ) and F(n X )· X * ;X ·(k X ⊗1 F(X ) )= 0 ·n F(X ) for all X ∈ Obj(G). Given the homomorphisms of categorical groups (F; ); (F ; ) : G → H, a morphism from (F; ) to (F ; ) consists of a natural transformation Â : F ⇒ G that interacts with and in the sense of [1, 11] .
Preliminaries
In this section we brie y recall Ulbrich's cohomology groups H n (G; A) of a group G with coe cients in a symmetric G-categorical group A [16] (see also [14] ).
A (braided, symmetric) G-categorical group is deÿned as a (braided symmetric) categorical group H together with a homomorphism of categorical groups (a G-action) (F; ) : (G Ã G) → Eq(H) from the discrete categorical group deÿned by G to the categorical group of autoequivalences, Eq(H), of H deÿned by Breen [1] (see also [4] ). It is easy to see that giving a G-action on H is equivalent to giving equivalences Above, 0 denotes the neutral element of G, such that the coherence conditions of [15] are satisÿed (see also [4] ). Moreover, for any g ∈ G, there exists a unique isomorphism
g X · g r X , for any element g ∈ G and any object X in H.
A G-categorical group is termed strict when all the isomorphims g; A; B ; g; h; A ; 0;A and g are identities. A symmetric G-categorical group A satisfying that c X; X = 1, for all X ∈ A (that is, a strictly coherent symmetric categorical group in the sense of [13] ) is just a Picard category with a coherent left G-module structure in the sense of Ulbrich [15] .
Another notion closely related with G-categorical groups is that of the Fr ohlich and Wall monoidal G-graded categories [8] . Ulbrich [17] shows that there is a one-to-one correspondence between strictly coherent monoidal G-graded categories and Picard categories with coherent left G-module structure. This fact is also true in the non-symmetric case and with a similar proof we see that giving a G-action on a categorical group H, is equivalent to giving a monoidal G-graded category (C; p), such that Ker(C) is a categorical group isomorphic to H.
Let H and E be G-categorical groups. A G-equivariant morphism (F; ) : H → E consists of a categorical group homomorphism F = (F; ) : H → E and a family of natural isomorphisms:
that are compatible with ; and 0 in the sense of [15] .
Given a symmetric G-categorical group A, there is a "cochain complex" of the form
where A G n is the symmetric categorical group of functors from G n to A and the functors are deÿned by the coboundary operator of group cohomology. One thereby obtains cocycle categories Z n (G; A) as follows: The objects are the pairs (P; h) where P is an object of A 
→ (I )
∼ → I is the canonical map morphism determined by the coherent G-categorical structure of A; a morphism : (P; h) → (P ; h ) is a morphism : P → P in A G n−1 which satisÿes h ( ) = h. Passing to isomorphism classes, one obtains an abelian group Z n (G; A) containing the subgroup B n (G; A) of elements represented by pairs ( (Q); can) with
The cohomology groups of G with coe cients in A are then deÿned as the quotients,
As Ulbrich proves in [17] , these groups are isomorphic to the cohomology groups H n (G; C) deÿned by Fr ohlich-Wall [8] , where C is the symmetric monoidal G-graded category associated to A. Moreover, these cohomology groups particularise to the Eilenberg-MacLane cohomology groups. Thus, in case A=(A Ã A) for A a G-module, then
In the general case, Ulbrich [16] deals with the interpretation of the third cohomology group H 3 (G; A) in terms of equivalence classes of certain extensions of the form A → D → G, where D is a categorical group non-necessarily symmetric. When A = (A Ã A) is the discrete category deÿned by a G-module A, then the above interpretation reduces to the well-known isomorphism H 2 E−M (G; A) ∼ = Ext(G; A), between the second Eilenberg-MacLane cohomology group of G with coe cients in A and the set of equivalence classes of group extensions of G by A (in fact, the method Ulbrich uses to build an extension from a 3-cocycle of G with coe cients in A is based on that in [6] for group cohomology by means of factor sets).
On the other hand, if we consider A = (A Ã 1), taking into account (2) , an interpretation of H 3 E−M (G; A) is obtained. Nevertheless, it is not di cult to see that it coincides with that given by Holt [9] , and Huebschmann [10] , in terms of equivalence classes of 2-fold extensions (see Section 2, Example 2.13).
1.1.
As mentioned in the introduction, our aim is to provide a suitable deÿnition of a 2-fold extension of a group G by a symmetric G-categorical group (see Deÿnition 2.6), whose corresponding set of equivalence classes provides an interpretation of H 4 (G; A). To this end, we reformulate the notion of a 4-cocycle of G with coe cients in A:
A 4-cocycle of G with coe cients in A consists of a pair (P; t); where
are maps such that, for any g 1 ; g 2 ; g 3 ; g 4 ∈ G; t(g 1 ; g 2 ; g 3 ; g 4 ) is a morphism in A whose source is g1 P(g 2 ; g 3 ; g 4 ) ⊗ P(g 1 ; g 2 + g 3 ; g 4 ) ⊗ P(g 1 ; g 2 ; g 3 ) and whose target is P(g 1 ; g 2 ; g 3 +g 4 )⊗P(g 1 +g 2 ; g 3 ; g 4 ) (corresponding canonically to a morphism h : (P) → I ); and the following diagram (where we have omitted some canonical morphisms) is commutative for all g 1 ; g 2 ; g 3 ; g 4 ; g 5 ∈ G: 
where, if we write P i; j; k = P(g i ; g j ; g k ); P i; j; k+l = P(g i ; g j ; g k + g l ), and l P i; j; k = g l P(g i ; g j ; g k ), for short, then This commutativity means that the corresponding h : (P) → I satisÿes (h) = can. We say that a 4-cocycle (P; t) is normalised if P(g 1 ; g 2 ; g 3 ) = I when g i = 0 for some 0 ≤ i ≤ 3; and t(g 1 ; g 2 ; g 3 ; g 4 ) = can when g i = 0 for some 0 ≤ i ≤ 4.
Two 4-cocycles (P; t) and (P ; t ) are called cohomologous if there exist maps
such that g1 Q(g 2 ; g 3 ) ⊗ Q(g 1 ; g 2 + g 3 ) ⊗ P (g 1 ; g 2 ; g 3 ) is the source of b(g 1 ; g 2 ; g 3 ) and P(g 1 ; g 2 ; g 3 ) ⊗ Q(g 1 ; g 2 ) ⊗ Q(g 1 + g 2 ; g 3 ) is its target (corresponding canonically to a morphism in A G diagram has to be commutative: (6) where
(denoting, as before, Q i; j = Q(g i ; g j );
l Q i; j = g l Q(g i ; g j ), and so on). This means that the corresponding map : Q ⊗ P → P deÿnes a morphism : ( Q; Q ) ⊗ (P ; t ) → (P; t) in Z 4 (G; A). We say that the pair (Q; b) is a coboundary from (P; t) to (P ; t ) and we will write (Q; b) : (P; t) → (P ; t ).
When both (P; t) and (P ; t ) are normalised 4-cocycles, then a coboundary (Q; b) : (P; t) → (P ; t ) is termed normalised if Q(g 1 ; g 2 ) = I when g i = 0 for some 0 ≤ i ≤ 2 and b(g 1 ; g 2 ; g 3 ) = can when g i = 0 for some 0 ≤ i ≤ 3.
Then, it is straightforward to prove the following:
1.2. Proposition. Each 4-cocycle is cohomologous to a normalised 4-cocycle; and cohomologous normalised 4-cocycles are connected by a normalised coboundary. Moreover; Ulbrich's fourth cohomology group H 4 (G; A) is the quotient set of the set of normalised 4-cocycles by the relation of being cohomologous.
Categorical G -crossed modules and 2-fold extensions
In this section we introduce the notions of categorical G-crossed modules and of 2-fold extensions of G by a symmetric G-categorical group. We prove that both are generalisations of the usual notions of group-crossed modules and 2-fold extensions of groups [9, 10] , respectively. Moreover, they contain, as particular cases, the notions of 2-crossed modules and non-abelian 3-extensions of groups as per ConduchÃ e [5] .
Below, the discrete categorical group deÿned by a group G is denoted by G.
The following deÿnition is inspired by a more general notion of crossed module of categorical groups given by Breen [1] .
2.1. Deÿnition. Let G be a group, a categorical G-crossed module consists of a triad (H; d; ); where H is a G-categorical group, d : H → G is a G-equivariant morphism (necessarily strict), considering in G the action given by conjugation (i.e., d( g X ) + g = g + d(X ) for any g ∈ G and X ∈ Obj(H)), and
is a family of natural isomorphisms in H; such that for all objects X; Y; Z ∈ H and any element g ∈ G, the following diagrams have to be commutative:
(10)
If (H; d : H → G; ) and (H ; d : H → G ; ) are categorical crossed modules, a morphism between them consists of a triad (F; ; ) where F = (F; ) : H → H is a categorical group homomorphism, : G → G a group homomorphism such that
In addition, for any X; Y ∈ H; the following diagram is commutative:
2.2. Let us remark that if H 0 denotes the ÿbre category of d : H → G over the neutral element of G, then, since both G and d are strict, H 0 is a categorical subgroup of H: Furthermore, since the functor d is G-equivariant, the G-action on H restricts to H 0 , and so H 0 is a G-categorical subgroup of H:
For any objects X; Y ∈ H 0 , let c X; Y : X ⊗ Y → Y ⊗ X be deÿned as the composition
Then we have:
Proof. In the following diagram:
for objects X; Y; Z ∈ H 0 , the square just the coherence condition (8) ; is commutative due to the funtoriality of the tensor product and the commutativity of is deduced from the coherence conditions on the action.
So, the outside of the diagram is also commutative, or equivalently, c veriÿes one of the hexagon coherence conditions of [11] . The commutativity of the other hexagon as well as the compatibility of the action with c are proved in a similar way.
Remark.
It is well known that if : N → O is a crossed module of groups, then ker( ) is a subgroup of Z(N ); the centre of N:
If H is a categorical group, the centre of H [11] is the braided categorical group Z H whose objects are pairs (A; u); where A ∈ H and u : A ⊗ − → − ⊗ A is a natural isomorphism such that the following two conditions hold:
Finally, the tensor product and the braiding are given by A; − ) belongs to Z H and we have a functor
Thus, j is a full and faithful functor that is easily proved to be a strict monoidal functor. Now, we give some examples of categorical G-crossed modules:
If H is a discrete category such that H = (H Ã H ), for H a G-group, then is necessarily an identity and therefore we obtain a G-equivariant group homomorphism d : H → G; which is a crossed module in the usual sense.
(ii) Let : N → O be a crossed module. It is well known that the crossed module has associated a strict categorical group M; for which Obj(M) = O; while the group of arrows of M is the semidirect product N oO. An element (n; x) has x (resp. n+x) as its source (resp. as its target). Composition is the addition in N and the tensor product of objects and arrows is given by the addition in O and N o O, respectively. Then it is easy to see that giving a strict G-action on M is equivalent to giving group G-actions on O and N such that is a G-equivariant morphism and (a)
g ( x n) = g x ( g n) for any g ∈ G; x ∈ O and n ∈ N . 
that is a semi-exact sequence, since for any n ∈ N the pair (n; 0) deÿnes a morphism from 0 to (n). The natural isomorphisms x; y : The naturality of implies that, for all n ∈ N and x ∈ O, (c) { n; x} = n − x n and (d) {x; n} = x n − dx n, while the commutativity of diagrams (8); (9) and (10), imply, respectively, that for any x; y; z ∈ O and g ∈ G, (e) {x; y + z} = {x; y} + We are now able to give the main deÿnition of this paper: 2.6. Deÿnition. Let G be a group and A a symmetric G-categorical group. A 2-fold extension of G by A is a sequence
where K is, as for G, the discrete categorical group deÿned by a group K; j and d are homomorphisms of categorical groups and q a group homomorphism, together with two families of natural isomorphisms in H;
These data must satisfy the following conditions:
1. q is an epimorphism of groups. In fact, since translations are autoequivalences, there exists in H a certain isomorphism X → Z ⊗ Y with Z an object in H 0 : As j : A → H 0 is an equivalence, then Z is isomorphic to j(A) for some A in A and the desired isomorphism is the composition
2.8. Remark. Condition (5) also says that H 0 is symmetric or, equivalently, that the diagram
is commutative for all objects X; Y ∈ H 0 .
2.9. Remark. Given objects X in H and A in A; let
be deÿned as the composition
Then, taking into account the coherence conditions on and the fact that j is a homomorphism of braided categorical groups, we have a family of natural isomorphisms such that the following identities are satisÿed:
for all A; B ∈ A , X; Y ∈ H and x ∈ K:
Before giving some examples, let us formulate the notion of morphism of extensions. 
2.12. Remark. It is easy to prove that for any A ∈ A and X ∈ H; the following identity
is veriÿed, where ' and ' are the natural isomorphisms deÿned in Remark 2.9.
To conclude this section let us see some examples of 2-fold extensions.
Example. (i) Let A be a G-module. Consider the discrete G-categorical group it deÿnes
) is a 2-fold extension of G by A; then, since A is discrete, so is H 0 , and therefore also all non-empty ÿbre categories. Consequently, H is also discrete and therefore H = (H Ã H ) for a certain K-group H: Thus, E is identiÿed with the exact sequence of groups
where, by (i) in Example 2.5, d : H → K is a group-crossed module. Furthermore, since x; a has to be an identity, then for any a ∈ A and x ∈ K; j( q(x) a) = x a: That is, the above exact sequence is a 2-fold extension of G by the G-module A in the sense of Huebschmann [10, 9] . We then conclude that 2-Ext[G; A Ã A] ∼ = 2-Ext[G; A]; where the latter is the set of classes (module Yoneda relation) of 2-fold extensions of G by A:
(ii) Given a G-module A; we now consider the symmetric G-categorical group with only one object (A Ã 1):
Let Now, if n ∈ Ker( ); then (n; 0) : 0 → 0 is a morphism in H 0 ; and so there exists a ∈ A with j(a) = (i(a); 0) = (n; 0); that is, i(a) = n: Finally, if x ∈ Ker(d); then x is an object of H 0 and, using that j is an equivalence, there exists a morphism, (n; 0) : 0 → x; or equivalently, an element n ∈ N with (n) = x:
Consequently, we have an exact sequence of groups
→ K a 2-crossed module, and i a K-equivariant morphism, considering in A the K-action given via q (since the natural isomorphism has to be an identity). That is, E is a non-abelian 3-extension of G by A in the sense of ConduchÃ e [5] .
It is clear that any non-abelian 3-extension of G by a G-module A such as (19), has associated a 2-fold extension of G by (A Ã 1) like (18). In consequence, ConduchÃ e's 3-extensions are particular cases of our 2-fold extensions.
(iii) Let A be a symmetric G-categorical group and consider the trivial homomorphism 0 : A → G. We then have a 2-fold extension 
Classiÿcation of 2-fold extensions
Let G be a group and A a symmetric G-categorical group and let
be a 2-fold extension of G by A (see Deÿnition 2.6). We will associate to E a 4-cocycle of G with coe cients in A (see 1.1) following the usual method of Schreier factor sets.
Choose for g ∈ G an element s(g) ∈ K with q(s(g)) = g: Then, for any g 1 ; g 2 ∈ G; q(s(g 1 ) + s(g 2 )) = q(s(g 1 + g 2 )): Therefore, since Img(d) = Ker(q); we can choose an object X g1;g2 in H such that
The associativity in G implies that, for any g 1 ; g 2 ; g 3 ∈ G;
and then we again choose an object P(g 1 ; g 2 ; g 3 ) in A such that there exists a morphism in H (see Remark 2.7): u g1;g2;g3 : s(g1) X g2;g3 ⊗ X g1;g2+g3 → j(P(g 1 ; g 2 ; g 3 )) ⊗ X g1;g2 ⊗ X g1+g2;g3 :
Now, since j is full and faithful we obtain a unique morphism in A, g1 P(g 2 ; g 3 ; g 4 ) ⊗ P(g 1 ; g 2 + g 3 ; g 4 ) ⊗ P(g 1 ; g 2 ; g 3 )
t(g1;g2;g3;g4)
making the following diagram commutative:
Above ' is the natural isomorphism (16), X i; j denotes X gi;gj ; for short, X i; j+k denotes X gi;gj+g k and the same notation for P: Then it is straightforward to prove the following proposition:
3.1. Proposition. The pair of maps we have built (P :
-cocycle of G with coe cients in A:
The construction of the 4-cocycle (P; t) depends on the choice of s(g); X g1;g2 , P(g 1 ; g 2 ; g 3 ) and u g1;g2;g3 : Another choice of s (g); X g1;g2 , P (g 1 ; g 2 ; g 3 ) and u g1;g2;g3 like the above one deÿnes a 4-cocycle (P ; t ) cohomologous to (P; t):
for all g 1 ; g 2 ∈ G, and therefore we can choose an object Q(g 1 ; g 2 ) in A and a morphism in H (see Remark 2.7)
Now, for any three elements g 1 ; g 2 ; g 3 ∈ G; we deÿne
as the unique one which makes the following diagram commutative:
The pair of maps (Q :
) deÿnes a coboundary (see 1.1) from (P; t) to (P ; t ) and thus, the cohomology class of the 4-cocycle deÿned by the 2-fold extension (E; ; ) does not depend on the choices made. (P; t) will be called a Schreier system of the 2-fold extension and its equivalence class in H 4 (G; A) will be denoted by (E; ; ).
3.2. Proposition. Any 2-fold extension of G by A (E; ; ) admits a normalised Schreier system. Proof. Take s(0)=0 and X 0;g =I =X g; 0 , for all g ∈ G. Then we can choose P(g 1 ; g 2 ; 0)= P(g 1 ; 0; g 2 )=P(0; g 1 ; g 2 )=I , the morphism u g1;g2;0 by the commutativity of the diagram:
and analogously u g1;0;g2 , and u 0;g1;g2 . Then it is easy to prove that the resulting 4-cocycle is normalised (see 1.1).
3.3. Proposition. Let (F; ; ; Â) : (E; ; ) → (E ; ; ) be a morphism of 2-fold extensions of G by A:
Then (E; ; ) = (E ; ; ):
Proof. Let (P; t) be the 4-cocycle associated to (E; ; ); once s(g); X g1;g2 and u g1;g2;g3 have been chosen. Since q · = q and d · F = · d; we can take s (g) = s(g); X g1;g2 =F(X g1;g2 ) and u g1;g2;g3 as the unique morphism given by the commutative diagram:
s g1 X g2;g3 ⊗ X g1;g2+g3 u g 1 ;g 2 ;g 3
F(j(P(g 1 ; g 2 ; g 3 )) ⊗ X g1;g2 ⊗ X g1+g2;g3 ):
Then, the resulting 4-cocycle for (E ; ; ) coincides with (P; t). Therefore, (E; ; ) = (E ; ; ).
We thus have a well-deÿned map
which we will prove to be bijective:
3.4. Lemma. Let (P; t) ∈ H 4 (G; A) be a normalised 4-cocycle of G with coe cients in A; then there exists a 2-fold extension of G by A; E(P; t); such that 1. (P; t) is a Schreier system of E(P; t). 2. If (E ; ; ) is a 2-fold extension of G by A which has (P; t) as a Schreier system; then there exists a morphism of 2-fold extensions E(P; t) → (E ; ; ). 3. If (P; t) and (P ; t ) are cohomologous 4-cocycles; then there exists a morphism of 2-fold extensions; E(P; t) → E(P ; t ).
Proof. Let F be the free group with generators {s(g); g ∈ G}, with s(0)=0, and q : F → G the canonical projection. It is well known that the kernel of q; L = Ker(q), is also a free group with generators {l 1; 2 = s(g 1 ) + s(g 2 ) − s(g 1 + g 2 ); g 1 ; g 2 ∈ G * }, where G * ⊂ G denotes the subset of those elements not equal to zero. For any w ∈ F and l ∈ L, let ÿ(w; l) ∈ Obj(A) be deÿned inductively in the length of l by • ÿ(w; 0) = I , • ÿ(w; l 1; 2 ) = ÿ(w; s(g 1 ) + s(g 2 ) − s(g 1 + g 2 )) = P(q(w); g 1 ; g 2 ),
• ÿ(w; −l 1; 2 ) = P(q(w); g 1 ; g 2 ) * , • ÿ(w; l + (−1) l 1; 2 ) = ÿ(w; l) ⊗ ÿ(w; l 1; 2 ) ; where
Then, for all w; w ∈ F; l; l ∈ L and g 1 ; g 2 ∈ G, we are able to deÿne the canonical isomorphisms: −−−→P(qw; qw ; g 1 ) ⊗ P(qw; qw + g 1 ; g 2 ) ⊗ P(qw; qw ; g 1 + g 2 ) * :
These isomorphisms are built, inductively in the length of l, using the canonical morphisms in A; a; c; l; r; m and n. Now, considering t : G 4 → Mor(A), we deÿne morphisms
for all w; w ∈ F, inductively in the length of l, as follows:
• For l = l 1; 2 = s(g 1 ) + s(g 2 ) − s(g 1 + g 2 ); g 1 ; g 2 ∈ G; t w; w ;l1; 2 is given by the composition: qw ÿ(w ; l 1; 2 ) ⊗ ÿ(w; w + l 1; 2 − w ) = qw P(qw ; g 1 ; g 2 ) ⊗ ÿ(w; w + l 1;2 − w ) ↓ (1⊗c⊗1)(1⊗& w; w ; g 1 ;g 2 ) qw P(qw ; g 1 ; g 2 ) ⊗ P(qw; qw + g 1 ; g 2 ) ⊗ P(qw; qw ; g 1 ) ⊗ P(qw; qw ; g 1 + g 2 ) * ↓ t(qw;qw ;g1;g2)⊗1 P(qw; qw ; g 1 + g 2 ) ⊗ P(qw + qw ; g 1 ; g 2 ) ⊗ P(qw; qw ; g 1 + g 2 ) * ↓ l(m⊗1)(1⊗c) P(qw + qw ; g 1 ; g 2 ) = ÿ(w + w ; l 1; 2 )
• For l=−l 1; 2 =−(s(g 1 )+s(g 2 )−s(g 1 +g 2 )); g 1 ; g 2 ∈ G; t w; w ; −l1; 2 is the composition: • Finally, for any l ∈ L; t w; w ;l+l1; 2 is the composition:
qw ÿ(w ; l 1; 2 ) ⊗ ÿ(w; w + l 1; 2 − w ) ↓ t w; w ; l ⊗t w; w ; l 1; 2 ÿ(w + w ; l) ⊗ ÿ(w + w ; l 1; 2 ) = ÿ(w + w ; l + l 1; 2 ): Now, let H be the categorical group whose set of objects is Obj(A) × L; and given objects (A; l); (B; l ) ∈ H, then Hom H ((A; l); (B; l )) is equal to Hom A (A; B) if l = l and empty if l = l . The composition is induced by that of A and the tensor product is given by (A; l) ⊗ (B; l ) = (A ⊗ B; l + l ), in objects and in morphisms as in A. The unit object is the pair (I; 0) and the canonical isomorphisms of associativity and left and right units are given by those in A (moreover ((A * ; −l); m A ; n A ) is an inverse for (A; l) ∈ H).
The map ÿ : F × L → Obj(A) and the morphisms t w; w ;l , allow us to deÿne an F-action on H as follows:
for any object (A; l) in H and w ∈ F; and for any morphism f :
For objects (A; l); (B; l ) in H and elements w; w ∈ F; the natural isomorphism w; (A; l); (B; l ) :
is deÿned by the composition: It is straightforward to see that the coherence conditions for the above action follow from the coherence conditions for the G-action on A, the commutativity of (4) for (P; t) and the normalisation condition for (P; t) (see 1:1).
The 2-fold extension of G by A associated to (P; t); (E(P; t); ; ), is described as follows: (E(P; t); ; ) is termed the 2-fold extension of G by A deÿned by the 4-cocycle (P; t). It is clear that (P; t) is a Schreier system of (E(P; t); ; ), by taking for all g 1 ; g 2 ; g 3 ∈ G; X g1;g2 = (I; l 1; 2 = s(g 1 ) + s(g 2 ) − s(g 1 + g 2 )) ∈ H and u g1;g2;g3 ∈ Mor(H), ) is a 2-fold extension that has (P; t) as a Schreier system, once we have chosen s (g) ∈ K ; X g1;g2 ∈ H and u g1;g2;g3 ∈ Mor(H ) as in (20) and (21). Then, we deÿne a morphism of 2-fold extensions (F; ; ; Â) : (E(P; t); ; ) → (E ; ; ) by taking : F → K as the unique group homomorphism such that (s(g)) = s (g) for all g ∈ G:
To deÿne F = (F; ) : H → H , let X : L → Obj(H ) be the unique map such that X (0) = I and X (l 1; 2 ) = X g1;g2 , for any g 1 ; g 2 ∈ G. Then, F is given in objects by F(A; l) = j (A) ⊗ X (l); and for f : (A; l) → (B; l) a morphism, F(f) = j (f) ⊗ 1 X (l) . The natural isomorphism : F((A; l) ⊗ (B; l )) → F(A; l) ⊗ F(B; l ) is the morphism in H making the following diagram commutative: 
